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. We discuss the vacuum structure of type IIA/B Calabi-Yau string compactifications to 

m 



four dimensions in the presence of n-form H-fluxes. These will lift the vacuum degeneracy 
in the Calabi-Yau moduli space, and for generic points in the moduli space, Af = 2 
supersymmetry will be broken. However, for certain 'aligned' choices of the H-flux vector, 



supersymmetric ground states are possible at the degeneration points of the Calabi- 
Yau geometry. We will investigate in detail the H-flux induced superpotential and the 
^h. corresponding scalar potential at several degeneration points, such as the Calabi-Yau 
large volume limit, the conifold loci, the Seiberg-Witten points, the strong coupling 
point and the conformal points. Some emphasis is given to the question whether partial 
supersymmetry breaking can be realized at those points. We also relate the H-flux 
induced superpotential to the formalism of gauged M = 2 supergravity. Finally we point 
out the analogies between the Calabi-Yau vacuum structure due to H-fluxes and the 
attractor formalism of M = 2 black holes. 
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1 Introduction 



In this paper we will discuss the vacuum structure of type II strings on Calabi-Yau three- 
folds with internal n-form H-fTuxes turned on. In general, the effect of non-vanishing 
H-fluxes is that they lift the vacuum degeneracy in the Calabi-Yau moduli space. In fact, 
as already discussed in |l|, |^, [3], |[, at generic points in the Calabi-Yau moduli space, non- 
trivial Ramond and/or Neveu-Schwarz n-form H-fluxes generally break Af = 2 space-time 
supersymmetry completely, unless their contribution to the vacuum energy is balanced by 
other background fields, such as the dilaton field in heterotic string compactifications || . 
However M = 2 or Af = 1 supersymmetric vacua can be found at certain corners in the 
moduli space, where the Calabi-Yau geometry is degenerate. We will consider several 
degeneration points of the Calabi-Yau geometry, such as the large volume limit, the 
Calabi-Yau conifold point, the Seiberg-Witten limit and the strong coupling singularity. 
However as soon as one abandons these special points, supersymmetry will be in general 
broken. E.g. going away from the classical large radius limit, type IIA world-sheet 
instanton corrections to the prepotential imply a non-degenerate period vector such that 
supersymmetry gets broken M. In addition, there might be the possibility for unbroken 
supersymmetry in case the contribution of the Ramond fluxes is balanced by the NS- 
fluxes, as we will discuss at the end of the paper. 

Turning on n-form H-fluxes on the six-dimensional Calabi-Yau space corresponds to a 
gauging of certain hyper mult iplet isometries in the low-energy Af = 2 supergravity action 
and leads to a non-vanishing scalar potential in four dimensions which lifts the previous 
vacuum degeneracy [|l], [2|]. Alternatively the H-fluxes can be described by a non-trivial 
superpotential W in four dimensions, which is expressed in terms of Af = 1 chiral fields 
Specifically, it turns out that the superpotential is simply given by the symplectic scalar 
product of the (dilaton dependent) H-flux vector with the Af = 2 period vector S, which 
is a function of the complex scalars residing in the Af = 2 vector multiplets.f] In this way 
the superpotential is closely tied up to the Calabi-Yau geometry, since the period vector 
5 corresponds to the various geometric cycles of the Calabi-Yau space. The question of 
supersymmetry breaking is then intimately related to the question whether the H-fluxes 
are turned on in the directions of the vanishing cycles of the Calabi-Yau spaces (aligned 
case) or not (misaligned case). For the aligned situations, the degeneration points in 
the Calabi-Yau geometry are attractor points where supersymmetry is unbroken and the 
potential exhibits a (local) minimum of zero energy. On the other hand, in case of H-fluxes 
which are misaligned with respect to a particular vanishing cycle, supersymmetry will be 
2 Related types of Calabi-Yau superpotentials were discussed before in M. 
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broken at the degeneration points in the Calabi-Yau geometry. Therefore the question 
which degeneration point corresponds to a supersymmetric ground state depends crucially 
on the chosen H-fluxes. 

In this paper we will first show that the gauging of M = 2 supergravity due to H-fluxes 
leads to the superpotential of 0. Subsequently we will discuss in detail the vacuum 
structure of type II Calabi-Yau compactifications with H-flux induced superpotential. 
The paper is organized as follows. In the next section we shortly review those aspects 
of M = 2 special geometry, which we need for our discussion, as well as the derivation 
of the symplectic invariant superpotential from the gauged hypermultiplet couplings. 
Analyzing the structure of the gravitino mass matrix which follows from the H-flux 
induced superpotential we will see that partial supersymmetry breaking from M = 2 to 
M = 1 supersymmetry [0, ^| is a priori possible in case the flux vector is complex which 
means that Ramond as well as NS fluxes have to be turned on. However treating the type 
IIB dilaton field as a dynamical variable M = 2 supersymmetry will be either unbroken or 
completely broken at the minimum of the scalar potential. Therefore at the degeneration 
points with aligned fluxes in the Calabi-Yau geometry, the full Af = 2 supersymmetry is 
unbroken. Finally, at the end of sect. 2, we point out that the superpotential formalism 
due to internal H-fluxes is closely related to M = 2 black holes and the so called attractor 



formalism H, 10]. In fact, when computing the supersymmetric points in the effective 



supergravity action one has to solve precisely the same equations which determine the 
scalar fields at the horizon of the M = 2 black holes. This means that the supersymmetric 
ground states with H-fluxes are the attractor points of the M = 2 black holes. 

In sect. 3 we discuss in detail the vacuum structure of type II compactifications with 
non-trivial Ramond H-fluxes turned on. We focus on the special points in the Calabi-Yau 
moduli spaces where the H-fluxes are aligned with the vanishing cycles. We will see that 
the correct identification of the vanishing cycles might be quite subtle, as in the case of 
the Seiberg-Witten limit. We should note that while our discussion will concentrate on 
specific Calabi-Yau compactifications, qualitatively the results will be generic, i.e. they 
are also valid for compactifications on other CY manifolds with the same type of special 
points in their moduli space. 

In chapter 4 we discuss changes of the above scenarios in case NS H-fluxes are turned on. 
Studying one simple example we see that supersymmetric vacua might be possible away 
from the special points discussed before. 

In the appendix we give additional details about the minimization of the potential in the 
perturbative heterotic limit with general flux vectors. 
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Related issues of H-fluxes in M-theory and type II compactifications on Calabi-Yau four- 
folds were discussed in [JD]] and |12|], respectively 



2 The superpotential from H-fluxes 

2.1 Special geometry and vector couplings 

The self- couplings of (Abelian) vector multiplets of M = 2 supersymmetric Yang-Mills 
theory are completely specified by a holomorphic function F(X) of the complex scalar 
components of the Ny vector multiplets. With local supersymmetry this function de- 
pends on one additional, unphysical scalar field, which incorporates the graviphoton. 
Including this field, the Abelian gauge group is G = U(l) Ny+1 . The couplings of the 
vectors are now encoded in a function F(X) of the complex scalars X 1 , 1 = 0,..., Ny. 
F(X) is holomorphic and homogeneous of degree two. 



More abstractly, the special geometry [fT~3| , II] of the Kahler manifold M. parameterized 



by the Ny physical scalars is defined in terms of 2{Ny + 1) covariantly holomorphic 
sections L 1 , Mi of a bundle C ® V where £ is a line bundle and V is a Sp(2(Ny + 1), Z)- 
bundle; i.e. D^L 1 = (d^ — ^d^K v (z, z))L J = 0, and likewise for the Mj. Here Ky[z,z) 
is the Kahler potential, and the physical scalars z A , A = 1, . . . , Ny are intrinsic complex 
coordinates on the moduli space M.y = SfC(Ny), which is a special Kahler space of 
complex dimension Ny. The sections are assembled into a symplectic vector V: 

Aiy is defined by the constraint 

(V,V) = v T nv = -i, (2.2) 
with Q the invariant symplectic metric 

"=(-i o)' (2 - 3) 

Given X 1 and Fj, one may define an holomorphic period vector H, 

3W =U)) ■ (2 - 4) 

via 

X\z) = e -^ Kv{z ~ z) L 1 , Fj(z) = e -^ Kv{z ~ z) Mj , (2.5) 
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Via the constraint ( |2.2| ) the Kahler potential can be expressed as 

K v (z, z) — — log (iX'^F^z) - iX I {z)F I {z)) = - log(iStQS) . (2.6) 
Invariance under Sp(2Ny + 2) transformations is manifest. 

If det((9jX 7 , X 1 ) ^ 0, there exists a holomorphic, homogeneous prepotential F(X) such 
that Fj = dF(X)/dX I . In this case the X 1 are good local homogeneous coordinates on 
M.y\ they are algebraically independent, i.e. djX J = 5j. The existence of a prepotential 
is a basis-dependent statement. There exists, however, always a symplectic basis (X 1 , Fj) 
such that Fj = <9,F(X). 

One important example which after a symplectic transformation leads to algebraically 
dependent periods is given by a prepotential which is linear in one of the sections, say in 
X 1 : 

F(X) =t 1 G{X°,X a ) + H{X°,X a ). (2.7) 

Here we have defined t 1 = X 1 /X° and G, H are functions of X° and X a (a = 2, . . . , Ny) 
only. Then F\ = G/X° is independent of X 1 , and after the symplectic transformation 
X 1 — > X 1 = F\ the new X 1 are algebraically dependent. 

If a prepotential exists for the basis (X 7 ,F/), we can introduce inhomogeneous coordi- 
nates t A on M.y which are defined asQ 

t A = ^, I°/0, A = 1,...,N V . (2.8) 



In this parameterization the Kahler potential is [[15 

K v (t,t) = - log (2(^ + f) - (t A - ? A )(^4 - F A j) , (2.9) 
where T(z) = i(X°y 2 F(X). 

2.2 Hypermultiplet Couplings and superpotential 
2.2.1 Gauged J\f = 2 supergravity 

Now consider the M = 2 supergravity couplings including iV# hypermultiplets qi as 



additional matter fields [18]. Together with the Ny vector multiplets the moduli space 



is locally, at generic points in the moduli space, a product space of the form 

M = SJC(Ny) ® Q(N H ), (2.10) 
3 Later we will also use inhomogeneous coordinates T A = —i^r- 



4 



where the hypermultiplet moduli space M. u = Q(N H ) is a quaternionic space of real 
dimension 4iV#. The coupling of the hypermultiplet scalars g« to the vectormultiplets X 1 
arises from gauging the Abelian isometries of Q. This means that the hypermultiplets 
are charged with respect to the gauge group G = U(l) Nv+1 . The gauging is done by 
introducing Ny + 1 Killing vectors k](q) on M.h which correspond to the (field depen- 
dent) Abelian charges of the hypermultiplets. This means that one defines the following 
covariant derivatives 

V^ = c^ + £44. (2.11) 

The Killing vectors k\ can be determined in terms of a SU(2) triplet of real Killing 
prepotentials Pf as follows 

fc'fi* = -(djPf + e zyz uj]Pj z ) , (2.12) 
where uo x is a SU(2) connection and Q x its curvature. 

The gauging of the hypermultiplet isometries generically implies non-vanishing masses of 
the two M = 2 gravitini, whose mass matrix is: 

Sab = \e K ^ 2 {a x ) A c e BC P*{q) X\z) = l -{a x ) A c e BC P?(q) L 1 . (2.13) 

We now rewrite the coupling of the M = 2 hypermultiplets to the vector multiplets in 
M = 1 language. The coupling with x = 3 corresponds to M = 1 D-terms while those 
with x = 1, 2 to F-terms, i.e. they are equivalent to a M = 1 superpotential. 

From now on we are interested in situations where all Pf — 0. To derive the superpo- 
tential let us introduce the following functions ef. 

ei = e- KH/2 (P} + tPf). (2.14) 

Then the M = 1 superpotential is 

W(z,q) = e I (q)X I (z), (2.15) 

where the z and also the g» now denote M = 1 chiral superfields. We will now motivate 

(MM)- 

The M = 1 supergravity action can be expressed in terms of the generalized Kahler 
function 

G = K v (z, z) + K H {q, q) + log \W(z, q)\ 2 . (2.16) 

The scalar potential is 

v = e G (g a G b G aB + GiGjG iJ - 3) , (2.17) 
5 



and the Af — 1 gravitino mass 

m 3/2 = e G/2 = e K/2 \W\. (2.18) 

The introduction of the superpotential eq. (|2.15|) is largely based on the fact that the 
mass of the Af = 1 gravitino in eq. (|2.18|) agrees with one of the two mass eigenvalues of 
the two Af = 2 gravitini in eq. ([2.13| ): 



i lv ^ wo f-W + 2i Im(e/) X 1 0\ 
S ^ = 2 6 {Kv+Kh),2 [ q w ) (2-19) 



Indeed, one eigenvalue agrees with (2.18|). However for complex ej and m 1 the mass of 



the second gravitino is in general different. 
2.2.2 Symplectic covariance 

Since the superpotential eq.( |2.15| ) only contains the periods X 1 but not the dual periods 
Fi, it is clear that the gravitino masses so far are not invariant under symplectic Sp(2Ny+ 
2, Z) transformations. One can achieve full symplectic invariance by introducing magnetic 
prepotentials P xI [0. These can be thought of as giving the relevant hypermultiplets also 
a magnetic charge with respect to the Abelian gauge group U(l) Nv+1 , which can be done 
by introducing magnetic Killing vectors k l1 . It then follows that the electric/magnetic 
prepotentials (Pf, P xI ) as well as the corresponding Killing vectors (k\, k %1 ) transform as 
vectors under Sp{2N v + 2). 

In analogy with the ej in eq.( [2.14| ) we introduce the complex magnetic functions 



m 1 = e~ KH ' 2 {P u + iP 21 ) . (2.20) 



Then the ei and the m 1 build a symplectic vector H of the form 

*=(J, (2.2!) 

and the superpotential is given by the symplectic invariant scalar product between H 
and 5: 

W(z, q) = (H, E) = eM)X\z) - m I (q)F I (X I (z)), (2.22) 
The Af = 1 gravitino mass can be simply written as: 

m 3/2 = e^ +K «y 2 \(H,E)\. (2.23) 

Finally, the symplectic invariant Af = 2 gravitino mass matrix is 

Sab = *_ e (K v+ K H)/ . + Me,) X> + 2, Im(^) F, \ ^ 



Actually, the symplectic transformations act on the two vectors (P},P U ) = 
e A W 2 (Re ej-,Re m 1 ) and (Pf,P 21 ) = e Kll ^ 2 (lm e/,Im m 1 ). This means that one can 
always perform symplectic transformations such that, e.g., (P/,P 1/ ) is purely electric. 
In addition, (Pf,P 12 ) can be also made purely electric by a further symplectic transfor- 
mations in case these two vectors are local w.r.t. each other, i.e. if 

P x P = P}P 21 - P u Pf = . (2.25) 



If Q2.25D holds the superpotential can be always brought to the form eq.( |2.15| ). On the 



other hand, if P x F ^ 0, i.e. if there exist hypermultiplets with mutually non-local 
electric/magnetic U(l) charges, the superpotential necessarily contains both X 1 and 
Fi fields in any basis. Of course, it is not possible to write down a Lorentz invariant 
microscopic gauged M = 2 supergravity action which contains hypermultiplets with 
mutually non-local electric/magnetic charges. But this case will be of interest for us 
below, when we investigate points in the Calabi-Yau moduli spaces where electric and 
dual (magnetic) cycles, which mutually intersect, degenerate (Argyres Douglas points). 
Here the superpotential will contain both X 1 and Fj. We will assume that while a 
local action without additional auxiliary degrees of freedom does not exist for the non- 
local Argyres-Douglas points, the effective superpotential and the corresponding gravitino 
mass formulas do provide a valid description for the massless fields. 

2.2.3 The ground state of the theory — the question of partial supersymmetry 
breaking 

The ground state of the theory is determined by the requirement that the scalar potential 
is minimized with respect to all scalar fields: 

dv „ dv A A 



(j _ A 0, — = -> z A = z A \ min , <f = g*| min . (2.26) 
M = 1 supersymmetry is unbroken at the minimum of the potential if the auxiliary fields 



are zero 



h A = G AB e G/2 dBG = Q AB m (q^ + Lq bW \ = 0, 

h* = G^e^djG = G' j \W\ e K/2 [d 5 K + = 0. (2.27) 

In supergravity, supersymmetric minima of v generally lead to a negative vacuum energy. 
In order to find minima of v with v\ m i n = plus unbroken M = 1 supersymmetry, all four 
terms in eqs. ( FT27D like G AS \W\e K / 2 d B K etc. must be separately zero. If G AB e K / 2 dBK, 
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G lj e K / 2 djK, and G AB e K ^ 2 , G tj e K ^ 2 are finite this leads to the conditions: 

W\ min = 0, d A W\ min = 0, <WUn = 0. (2.28) 

If these conditions are satisfied, M = 2 supersymmetry is either partially broken to 
M = 1 or unbroken, depending on the eigenvalues of the gravitino mass matrix eq.( |2.19| ). 
Specifically, if the ej and m 1 are real at a M = 1 minimum, or 

if e^ /2 | min = 0, then 

both mass eigenvalues in eq.( |2.19|) are zero, and the full M = 2 supersymmetry will be 
unbroken. 

On the other hand, partial supersymmetry breaking to M = 1 supersymmetry is possible 
if some of the e/ or m 1 are complex. In addition, according to ||, the existence of 
minima with partial supersymmetry breaking requires that there exists a symplectic 
basis in which the periods X 1 are algebraically dependent. 



2.3 The superpotential from type IIB 3-form Fluxes 
2.3.1 Calabi-Yau compactification 

In type IIB compactifications on a Calabi-Yau threefold M the superpotential eq. ( |2.15| ) 
arises from turning on flux for NS and R three- form field strength H^' s and H R [Q. 
The low energy spectrum consists, in addition to the M = 2 gravitational multiplet with 
the graviphoton, of Ny = h 2,1 vector multiplets and Nh = h 1 ' 1 + 1 hypermultiplets. 
Turning on the internal H-flux manifests itself in the 4-dimensional effective Lagrangian 
superpotential of the form 

W = Jn A {tH§1 + H^), (2.29) 

where Q is the holomorphic 3-form on the Calabi-Yau space and r the complex type 
IIB couplings constant. This superpotential is closely related to NS5 resp. D5 branes 
wrapped around 3-cycles in the Calabi-Yau space. In the four-dimensional effective 
theory the wrapped 5-branes correspond to domain walls whose BPS tension is the jump 
AW of the superpotential across the wall. 

In order to bring eq. ( |2.29p to the form fl2.15p one expands the 3-cycles dual to the H-fluxes 
in terms of the basis vectors (A 1 , Bj) of H 3 (M, Z) as 

rC^s + Cf = ej^A 1 - m\T)Bi, (2.30) 

where e/(r) and m / (r) are defined as 

ej (r) = e}T + ej, m 1 (r) = m 11 r + m 21 . (2.31) 



S 



The integer symplectic vectors (e), m 11 ) and (ej , m 21 ) are the quantized flux values of the 
NS resp. R 3-form fields through the 3-cycles. Then the superpotential ( |2.29| ) becomes 



W= f (3) Q + r f i3) Q = W R + rW NS = e I (r)X I -m'^Fj, 



W R = ejX'-rrFF!, 



W NS = e\X L -m u Fj ; (2.32) 

here X 1 = J A i Q and Fj = J B Q. Similar superpotentials were already discussed in 
0. This superpotential W is Sp(2Ny + 2, Z) invariant. Under the type IIB S-duality 
transformations r — > it transforms with modular weight —1, 

w 

W - — — (2.33) 
ct + a 

provided that (H^g, Hr), or equivalently (e}, ef) and (m u ,m 21 ) transform as vectors 
under SX(2,Z). 



2.3.2 The scalar potential and the question of partial supersymmetry break- 
ing 

Next we have to determine the Kahler potential and the scalar potential, which receives 
contributions from the scalar fields in both, vector and hypermultiplets. On the hyper- 
multiplet side we are dealing with the complex dilaton field r and Y = (vol(CY)) 1 / 3 + i a, 
the volume of the Calabi-Yau space and its axionic partner a, plus possibly other complex 
fields gj. We assume that the vacuum expectation values of the qi are zero and thus we 
can neglect them in the following discussion; we are mainly interested in the contribu- 
tions of t and Y to the Kahler potential. We work from now on in the weak coupling 
limit, i.e. r — > oo and in the large volume limit, i.e. Y — > oo. In these two limits the 
Kahler potential is explicitly known : 

K = K v + K H , K H = -log(i(r - f)) - 31og(F + Y). (2.34) 

The function G = K + log \ W\ 2 is invariant under SL(2, Z) T . 

Since the superpotential ( |2.32| ) does not depend on the field Y, the contribution of Y 
to the scalar potential v has precisely the effect to cancel the negative vacuum energy. 
Specifically, the scalar potential now is 

v = e G (g a G a G aB + G T G f G Tf ^j . (2.35) 
9 



Supersymmetric minima of v require that the auxiliary fields h Since the superpo- 
tential does not depend on Y and on the other hyper mult iplets g«, the conditions 
DyW = D qi W = imply W = 0, and therefore the conditions of unbroken local M = 1 
supersymmetry turn into the conditions of unbroken global Af = 1 supersymmetry, which 
read: 

dW dW 

0, ^- = 0, W = 0. (2.36) 



dz A dr 

Using the specific form eq.( [2.32j ) of W these conditions turn into 



W, 



NS 



0, w, 



R 



dW R dW NS 



(2.37) 



dz A dz A 

Let us now consider the question of partial supersymmetry breaking and compute 



the gravitino mass matrix ( 2.19 ) for the H-flux induced superpotential ( 2.32 ). With 
fl2.32j , f04|) the gravitino mass matrix (|2.24 ) becomes 

i ts.,,o f-W + 2ilmrW NS \ 

W J ' 



Sab 



D K v /2 



(2.38) 



2(r-f) 1 /2(y + y)3/2 ^ 

We see that a priori partial supersymmetry breaking (one vanishing eigenvalue) is only 
possible in the presence of NS fluxes and Im(r) 7^ 0. However if we treat r as a dynamical 
field we have to require that dW/ dr = and hence W^s = 0. Therefore, as soon as we are 
searching for M = 1 supersymmetric vacua, with dW/dr = 0, both gravitino eigenvalues 
are zero and the theory is M = 2 supersymmetric. In other words, partial supersymmetry 
breaking seems to be impossible in connection with the H-flux induced superpotential 
eq. (|2.32|) ; supersymmetry is either completely broken, or supersymmetric minima always 
preserve full M = 2 supersymmetry. 



2.3.3 The type IIB superpotential from gauged J\f = 2 supergravity 

Comparing the superpotential eq. ( ^.32[ ) with the general expressions in the previous 
section, we can derive the following electric and magnetic Killing prepotentials for the 
hypermultiplet fields (r = T\ + ir 2 ): 

P\ = < h " 2 \m<, T *~ 1 



(Y + F) 3 / 2 J ' 
1 

T^\Y~+Yf/ 2 



P 11 = e^Im ffl ' = ^ 



1/2 



(Y + F) 3 / 2 



m 
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p2I = e K H /2 Re m I = _1 __ ( Tim lI _ m 2Iy ( 2>39 ) 



t?\y + y) 3 / 2 
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Similar as in these prepotentials should be obtained from the electric resp. magnetic 
gauging of the hypermultiplets Y and q = (S,C ), where the complex dilaton field S 
is the NS component of q, and Co its complex Ramond component. Gauging in an 
SL(2, Z) invariant way two particular isometries of the hypermultiplet moduli space 
M H = SU{2, 1)/3U{2) x 17(1) will lead to the Killing prepotential flpDfr Note that 
the condition that the electric and magnetic charges are mutually local is equivalent to 
the locality of the Ramond and NS flux vectors, i.e. 

J H§1 A H§ ] ~ m x e = m u ej - m 21 e) = 0. (2.40) 

As we will discuss in the last section, some special H-fluxes which do not satisfy this 
constraint can also lead to supersymmetric vacua. 



2.4 The superpotential from type IIA fluxes 

Consider now type IIA compactification on the mirror Calabi-Yau space W with Hodge 
numbers h 2,1 (W) = h l,1 (M) and h l,1 {W) = h 2,1 (M). The number of vectormultiplets is 
Ny = /i 1 ' 1 (W / ), and the number of hypermultiplets is Nh = h 2,1 (W) + 1. The type IIA 
superpotential can be obtained performing the mirror map on the type IIA superpotential 
eq.fl2.32p. Since the IIA mirror configuration to the wrapped IIB NS 5-branes is unknown, 



we discuss the case of turning on Ramond fluxes only. The mirror flux of corresponds 
to fluxes of the IIA Ramond fields H # ' , and which are dual to 0,2 and 4-cycles 
on W, plus one other flux term corresponding to the 6-cycle, W itself. 

We will define the IIA flux vectors with respect to the integral basis (see sect. 3.1). 
Then the IIA superpotential is 

W = J (Hjtp + JA/4 4) + </A JAfff'+m" J A J) = 

= e + J c gJ + J^JAJ + m°J w JAJAJ, (2.41) 

where J is the Kahler class of W. The corresponding domain walls are due to D2- 

(2) 

branes, living in the uncompactified space, D4-branes wrapped around the 2-cycles C R , 
D6-branes wrapped around and D8-branes wrapped around the entire CY-space W . 
Next we choose a basis J A (A — 1, . . . h 1 ' 1 ) for H 2 (W, Z), 

4 2) = e A J A , (2.42) 
as well as a dual basis J a for H^iW, Z) (Ja A J a = ^ A Cl, no sum on A) 

= m A J A . (2.43) 



4 We acknowledge discussions with G. DalPAgata and J. Louis. 
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The integers and m A are the quantized fluxes of Hjp and 11$ through the 4- and 
2-cycles, respectively. Then the type IIA superpotential (|2.41|) can be written in homo- 
geneous coordinates as 

W = eiX 1 -m 7 F/, (2.44) 

where we have replaced the eo by cqX . Therefore the classical IIA periods X°, X are 
associated with the 0- and 2-cycles of W, whereas the periods Fa and F correspond to 
the 4- and 6-cycles. The integers (ej, m 1 ) transform as a vector under Sp(2h 1,1 (W)+2, Z). 

2.5 Relation between the superpotential due to Ramond fluxes and J\f = 2 
black holes and attractor mechanism 

The above discussion of the superpotential due to internal fluxes has a close relationship 
to extremal black hole solutions in M = 2 supergravity, which we will now exhibit. We 
will show that the supersymmetry condition h A = (see eq. fl2.27Q ) is formally analogous 



to the attractor equations which determines the values of the scalar fields at the horizon 
of Af = 2 supersymmetric black holes. 

Consider Af = 2 BPS states, whose masses are equal to the central charge Z of the Af = 2 
supersymmetry algebra. The magnetic/electric charge vector of the BPS states is defined 
as 



p' 



— I F', 

2tt Js* 



Qj = ^[,Gj, (2.45) 
2it Js 2 

where F 1 and Gj are the electric and magnetic Abelian field strengths in four dimensions. 
In terms of the charge vector Q = (p 1 , qi) and the period vector V the BPS masses are 
0: 



M 2 BPS =\Z\ 2 = \(Q,V)\ 2 = e Kv \q I X\z)-p I F I {z)\ 2 = e Kv \M{z)\ 2 . (2.46) 

Extremal M = 2 black holes solution leave half of the supersymmetries unbroken. They 
are BPS states. In type II string theory they can be constructed as D-branes wrapped 
around the internal CY cycles, where the wrapping numbers corresponds to the electric 
and magnetic charges. Specifically in type IIB, the black holes arise from wrapped D3- 
branes around 3-cycles, whereas in type IIA black holes originate from wrapping D6, D4, 
D2 and DO-branes over the cycles of the respective dimensions. 

Near the horizon the values of the moduli fields, and thus the value of the central charge, 
are strongly restricted by the presence of full Af = 2 supersymmetry. In M it was 
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proved that this implies that the central charge becomes extremal on the horizon. As 
a consequence, independent of their asymptotic values, at the horizon the moduli are 
uniquely determined in terms of the magnetic/electric charges p 1 and qi. This is called 
the attractor mechanism. The value of the central charge at the horizon is related to the 
Hawking-Bekenstein entropy via 

- = \Z hoT \ 2 ■ (2.47) 

7T 

In order to obtain the attractor values of the moduli at the horizon for extremal M = 2 
black holes, one has to determine the extremal value of the central charge in moduli 
space. This implies 

d A \Z\ =0 «-> D A M = . (2.48) 

These equations are difficult to solve in general. They are, however, equivalent to the 
following set of algebraic equations |Sj 

ZV - ZV = iQ . (2.49) 

Several solutions of these equations in the context of Calabi-Yau black holes were dis- 
cussed in |20|, |21| . 



Comparing the extremal black holes with the M = 1 supergravity action we get the 
following formal correspondence between the BPS masses of the M = 2 black holes and 
the N = 1 superpotential, 

M = W, with q = e, p = m , (2.50) 
as well as the correspondence between the black hole entropy and the gravitino masses, 



-e** S m 2 3/2 . (2.51) 



7T 



The extremization of the central charges at the horizon, eqs. ([2.48|) and ( |2.49| ), corre- 



sponds to the condition of vanishing auxiliary fields D A W = 0, i.e. to unbroken Af = 1 
super symmetry. The condition rriy 2 = is equivalent to dealing with an extremal black 
hole with vanishing entropy. Therefore the supersymmetric points of the effective su- 
pergravity action precisely correspond to the attractor points of the M = 2 black holes. 
These observations will turn out to be useful to find explicitly the points of preserved 
M = 1 supersymmetry, since the equations D A W = can be translated into the following 
equation for the symplectic vectors V and H: 

e Kv/2 (W V -WV) =iH . (2.52) 
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3 Type II Vacua with Ramond Fluxes 



In this section we will consider type IIB compactifications with all NS 3-form fields turned 
off. Then the superpotential ([2.22 ) does not depend on the scalar fields of the universal 
hypermultiplet. It also means that the fluxes are mutually local. The condition of having 
unbroken supersymmetry at the minimum of the scalar potential then has solutions only 
at subsets of the boundary of the moduli space EL [1 . 



3.1 Type II compactifications on Calabi-Yau threefolds 

Let us review the aspects of the geometry which will be relevant for the discussion of fluxes 
and the question of supersymmetry breaking. The vector moduli space is completely 
geometrical in the type IIB compactification on Calabi-Yau threefolds M.f\ This special 
Kahler manifold arises as the moduli space of complex structure deformations of M for 
the type IIB string compactification on M. By mirror symmetry, it is equivalent to the 
complexified Kahler structure deformation space on the mirror W of M, which describes 
the type IIA string vector moduli space on W. 

Let us now investigate the basis of the fluxes in type IIA/B compactifications. In type 

(3) (3) 

IIB compactifications on M the fluxes of the 3— form field strengths H R and H^ s are 
w.r.t. an integral symplectic basis of H 3 (M). Following [E3I, 121] we will find such an 



integral symplectic basis for the periods, or equivalently a basis for H 3 (M,Z) at the 
point of maximal unipotent monodromy, which corresponds in the mirror W to the 
large volume limit (R A ) 2 — > oo. At this point, which is at z A = in the coordinates 
used in ||24j| , one has a unique analytic period, normalized to X° = 1 + O(z), and 
m = dim(if 1 (M, 0)) = /i 2,1 (M) logarithmic periods X A , which provide natural special 
Kahler coordinates t A — ^ = ^ log(z A ) + cr A , where a A = 0(z) and t A := B A + i(R A ) 2 . 

The prepotential F, which is homogeneous of degree two in the periods X 1 , is (q A = 
exp(2vrit A )) 

p = - Cabc VS xC + n AB ^- + c a x a x° - + (xrm 



3\X° 2 2(2tt) 



(A°) 2 JF = Xl 



C ABC t A t B t c t A t B a . xC(3) , f( , 

+ n AB —- + c A t ~ ^ 0/0 vo + f{q) 



(3.1) 



3! " 2 2(2tt) 3 

It defines an integral basis for the periods in the following way (note that in the following 



'For a review on string vacua with J\f = 2 supersymmetry see \22 
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the periods Fj are ordered in a different way compared to eq.(|2] 



( X° \ 

X A 



\ 



8F 

dF I 



t 



X 



1 

t A 
at* 

t-At 



( 



X° 



\2T -t A d A T ) 



1 



.£AMC t B t C + + Ca + Q A f^ 

+ O(q) J 



V ^t A t B t c + c A t A 



: XCO) 

' (2tt) 3 



(3.2) 

In the type II A interpretation Cabc = Jw JaJbJc > are the classical intersec- 
tion numbers, where J a are (1, l)-forms in H 2 (W,Z), which span the Kahlercone, 
c a = Jw C 2<^4Q- In type IIA the q expansion of F around the large volume is a 
world sheet instanton expansion. The explicit form f(q) can be determined by mirror 
symmetry using the type IIB compactification on M. 

Note that the point q A = 0, V A corresponds, by mirror symmetry, to a very singular 
configuration of M (it degenerates to intersecting hyperplanes) , i.e. from the Type IIB 
perspective the large volume limit of W corresponds to a complex structure degeneration 
of M, where partial susy breaking might occur. Away from this point, in a generic 
direction in the complex structure moduli space, M is regular and we do not expect any 
unbroken supersymmetry. Going away from the supersymmetric groundstate world-sheet 
instantons on the mirror W will break supersymmetry Q, but the dynamics generically 
drives the theory back to its supersymmetric vacuum. 

Interesting effects may also occur at other singular points on the moduli space of M, 
like the conifold points. Here one particular IIB 3-cycle A 1 shrinks to zero size, i.e. 
Xi 1B — > 0. However that does not correspond to a shrinking type IIA 2-cycle. Rather 
the whole quantum volume of W, i.e. the period F , vanishes [Q. In the next section we 
will discuss this and other degeneration points in the Calabi-Yau moduli space. 

In the type IIA interpretation of the period vector 5, t A scales as the third root of the 
volume of the threefold W. This relates via (|2.46|) the first entry of ( |3.2| ) to the DO-mass, 
the next m entries to the BPS masses of the wrapped D2-branes, followed by the masses 
of the m D4 and finally the last entry to the D6-brane wrapped around the whole Calabi- 
Yau manifold Wfl. This identification of the basis of H 3 (M, Z) and 0- =o H^{W, Z) maps 



6 This basis is unique up to integral symplectic transformations. E.g. a slightly more complicated 
choice has been made in p3[ , which amounts to a shift of the Ca by an integer. Odd Cabc requires 
that some of the uab £ Z \ {0} to get an integer monodromy around za = 0. Using mirror symmetry 
and the expression for the Z?4-brane charge one can determine uab as the integral of J a A Jb against 
WCi(D) (i : D =-> W) where D is the divisor dual to J A A J B @ [fl], 

7 Note that, up to the uab, the data needed to specify ( |3.2|) are those which give the topological 
classification of the three-fold W as it follows from a theorem of C.T.C. Wall. 

8 The moduli space of the DO-brane, W itself, has been identified with the moduli space of the D3- 
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a IIB RR 3-form to a linear combination in (Bi =0 H 1 ^ of type IIA RR forms. 



3.2 Points in the moduli space corresponding to a nonsingular CY 



In the absence of H NS , all cycles can be chosen to be A-cycles, say A\ and A 2 . It 
is assumed that the periods X 1 = J A Q can serve as homogeneous coordinates in the 
moduli space, in particular that they are algebraically independent ,,A 



6*j. If e K G AB 



(cf. eq.( |2.27 )) is finite at the point in the moduli space under consideration then the 
condition for unbroken supersymmetry is W = and DaW = (8a + Ka)W = VA 
This is equivalent to W — dW = 0. Here the derivatives are w.r.t. the inhomogeneous 
coordinates t A = For a superpotential of the form ( |2.32| ) this is equivalent to 

dW = j^rdX 1 = and requires that H R = 0. 

When could X fail to be a suitable parametrization for the complex structure moduli 
space? In fact this happens even at points parametrizing non-singular Calabi-Yau mani- 
folds. Let us consider for example the mirror of the sextic W = 2:Eq+X^ =1 x^—ip Fl|=o x i = 
in P(2, 1,1,1,1) discussed in [0, [T§. With the data X = -204, C A aa = 3 and 
/ C2 J = 42 we find an integral basis Soo at the point of maximal unipotent monodromy 
z = Tg^g = from (|3.1| , |3.2|) . This can be analytically continued to ip = 0. Here we find 
a basis of solutions H = (w 2 , u>i, w , w 5 ) with 



w 



Q5 2^ . 



e s 



3 5 ti sin f r(n)r 4 (i - f )r 4 (l - f 

The transformation matrix "E^ 




w k = w {e e ip) . (3.3) 



N 



N~o is 

/"I 




v 3 



1 

-3 




1 

-3 
3 

-9 






-6/ 



(3.4) 



It follows from this that X = 6X X + 3F X - 9X - 2F = cip 2 + C(^ 3 ) Q is not a good 
coordinate for the moduli space and with W = X, W = dW = can be fulfilled. 
However, we see that due to the degeneration of the factor e K ~ •Hp (the metric stays 
finite) the scalar potential does not vanish^ 



V = e K G^\D i ,W\ 2 = c + 



(3.5) 



brane on the special Lagrangian torus (in M) fibered over the S 3 , which vanishes at the generic conifold 

Pel. 



n -4^10/3 
9 c 27T 2 ' 



\7iinSr\±)T\l)Ti\§) 
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and supersymmetry is broken. 

The periods at a generic point ipo of the moduli space are all power series in the defor- 
mation parameter a = ip — tpo of the Calabi-Yau space. For simplicity consider a one 
parameter family h 11 = 1 and with Ramond fluxes only. We may choose a new variable 
a as a fractional power of a so that only integer powers of a appear in the periods. Let 
us be concrete and consider the generic expansion of the periods around the point a = 



where generically all coefficients Ck, n are non-zero. Iff at the point a = the first two 
coefficients Cfc >n , n = 0,1, of the periods would be linear dependent over the rational 
numbers, then we could pick a flux whose dual X A is not a good variable of the moduli 
space at a = 0, i.e. X ~ a 2 + 0(a 3 ). More precisely, if X = XfcSfc, the Xk have to satisfy 

2/iii+2 

x kCk,n = 0, n = 0, 1 (3.7) 

k=l 

For the statement that all choices of A-cycles lead to good algebraically independent 
coordinates to holdQ the ratios ^ should be irrational for all k, I. Clearly the above 
equation can be solved for Xk G C. An interesting question is whether it can be solved for 
Xk G R. In this case it would be possible to select fluxes with "large" integer coefficients 
which would lead with an arbitrary precision to a supersymmetric vacuum at the point 
a = 0. To check this we plotted 



for the quintic hypersurface in P 4 and found that is vanishes only at the orbifold point, 
which implies that there is not even approximate supersymmetry for any choice of RR 
fluxed for a generic quintic. 

3.3 Overview over the degenerate cases 

As already emphasized, supersymmetry will be broken at generic points in the Calabi- 
Yau moduli space. However there is in fact the chance that supersymmetric minima 
exist at those points where the Calabi-Yau space degenerates. These points correspond 

n The infinitesimal Torelli Theorem implies only that there is one choice of h,2,x + 1 cycles, whose 
periods can serve as good homogeneous parameters. 



CO 



n=0 



(3.6) 




(3.8) 
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to limits where certain cycles of the Calabi-Yau space shrink to zero size (resp. grow to 
infinity). As we will see these degenerate points will correspond to supersymmetric vacua 
in case the flux vectors are precisely aligned along the directions of the vanishing cycles. 

Let us analyze the situation in more detail. Suppose that we are considering a superpo- 
tential of the form W = eiX 1 , where e.g. in type IIA, X 1 corresponds to a two-cycle, 
X 1 = L(2) J and the flux is due to a non- vanishing four-form H^: e± = La) Hj> . Then, 
at a generic point in the moduli space, where X 1 ^ 0, the condition W = dW = implies 
that Hf = 0, i.e. non-vanishing flux necessarily breaks supersymmetry. On the other 
hand, in case the two-cycle vanishes, X 1 — > 0, the condition W = is automatically 
satisfied. Moreover the metric factor e K G 11 vanishes in many examples at the points 
where X 1 = 0. Hence ( |2.27| ) is also satisfied. We will show in the following that the 
degeneration points also correspond to minima of the scalar potential, which means that 
they are supersymmetric ground states of the theory. As mentioned already, the values of 
the scalar fields at these points precisely agree with the attractor points in the context of 
supersymmetric black holes. So it is quite natural to assume that the compactification is 
dynamically driven to the attractor points in case we turn on H-fluxes which are aligned 
along vanishing cycles. 

Before we proceed let us first give a brief overview over the degenerate cases with vanish- 
ing cycles in the IIA moduli space and the corresponding Ramond fluxes which are turned 
on. For simplicity consider for the moment a model with h 1 ' 1 = 2; the corresponding two 
moduli are S = —iX^-fX and T = —iX 2 /X°. In the large volume KeS, ReT 3> 1 and 
ReS" > ReT limit, where F ~ iST 2 , we have the following correspondences (we assume 
that the CY is a K3 fibration over a base; the K3 fiber contains a second P 1 , denoted 
by P}): 

V °1(P&)> 
vol(P}), 

vol(iT3), 

vol(CT). (3.9) 

Here is a cycle of real dimension d. vol(C( )) is a constant and Q is a four-cycle which 
contains the base P^ and the Pi. All volumes are meant to be complexified volumes. In 





X° 


^ vol(C (0) 




X 1 ~iS 


vol(C{ 2) 




X 2 ~iT 


vol(<^ 2) 




■ dF . 
dS 


4=^ vol(C{ 4) 




dF 

~ i— — ~ ST 
dT 


^ vol(<^ 4) 




F ~ iST 2 


vol(C (6) 
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the following the aligned fluxes will correspond to the vanishing cycles. However other, 
non-aligned choices are of course also possible and will be mentioned in the sects. 3.4-3.9. 

(i) The perturbative heterotic limit 

This is simply the limit where, in the heterotic dual, we turn off all instanton effects, i.e. 
S — ► oo. Therefore, comparing with ( |3.9| ) we see that the cycles Cf \ d£\ become 
large, which can be alternatively interpreted to mean that the remaining cycles C^°\ Q 
and vanish. Turning on the aligned fluxes e , e 2 and m 1 , the superpotential takes 
the form 

W = e X° + e 2 X 2 + m 1 F 1 . (3.10) 

Note that the periods X 2 and Fi (and X° = 1 anyway) do not vanish. The superpotential 
is zero at the minimum, and dW = 0, nevertheless supersymmetry will be unbroken 
because of the e K factor, cf. the discussion before Q2.28|) . 

(ii) The large volume limit 

In this limit all IIA Kahler moduli are large: S — > oo, T — ► oo. This can be interpreted 
as having X° as vanishing cycle. Using the aligned flux eo, one derives the following 
superpotential 

W = e X°. (3.11) 



(Hi) The conifold limit 

(3) 

The conifold limit is the limit where one of the IIB three-cycles C) IB shrinks to zero size. 
As already observed in JI], this conifold limit corresponds in IIA compactification to the 
limit where the entire quantum six-volume of the CY vanishes, i.e. 

F -+0. (3.12) 

Hence we turn on the aligned flux m°, and the superpotential takes the form 

W = m°F . (3.13) 



(iv) The field theory Seiberg-Witten limit 

In this limit non-perturbative monopoles or dyons become massless [E7]. In case of 
massless monopoles, u — > 1 corresponding to an — *■ 0, in the notation of [27]. The string 
interpretation of this situation is a double scaling limit, namely the intersection of the 
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conifold limit with the large 5 limit, which can be regarded as going to the w-plane. 
Hence we expect (actually more cycles vanish, see sect. 3.7) 

F ^0, ^F 1 +tX 2 ^0. (3.14) 

(The first line in this equation describes the conifold limit, whereas the second line 
corresponds to going to the w-plane divisor.) The corresponding superpotential with 
aligned fluxes will turn out to be 

W = m°F + m(F 1 + 2iX 2 ). (3.15) 

Finally, vanishing dyon masses correspond to u — > — 1, — a — ► 0. Since the sum of the 
dyon electric/magnetic charges plus the monopole charges equals the IV ± -boson charges, 
we can conclude that 

F -X° + -F x -> 0, ~Fi + iX 2 -> 0. (3.16) 

The superpotential is 

W = -m°(2F - 2X° + F^ + m l {Fx + 2iX 2 ) . (3.17) 



(v) The strong coupling limit 

The strong coupling singularity |28| is an example of a degeneration where two intersect- 



ing cycles shrink to zero size. In case of non- vanishing NS and Ramond fluxes this degen- 
eration leads to a situation in which the fluxes are non-local w.r.t. each other. To be spe- 
cific consider a type IIA compactification on the Calabi-Yau manifold P 4 (l, 1, 2, 8, 12| |24) 
with ft, 1 ' 1 = 3 and h 2,1 = 243 which is an elliptic fibration over the Hirzebruch surface F 2 . 
The three vector moduli are S, the volume of the P 1 basis of F 2 , U, the volume of the 
P 1 fiber of F 2 , and T, the volume of the elliptic fiber E. At the strong coupling point 
5 = the following two cycles with non-trivial intersection number shrink to zero size: 

vol(4 2) ) ^0 5^0, 

vol(4 4) )-ivol(4 4) )^0 Fs-^Fu^O, (3.18) 

where C\ TlC] = At this point a U{1) gauge group is enhanced to SU(2), and also 
an SU(2) adjoint hypermultiplet becomes massless. Hence the corresponding (A/" = 2) 
/3-function vanishes. The superpotential with aligned fluxes is then 

W = ie s S + im(2F s - F v ) . (3.19) 
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3.4 The IIA large volume limit and the perturbative heterotic limit 



3.4.1 The classical heterotic limit 

In this section we consider the classical heterotic limit, or equivalently in IIA language 
the limit where the base of the K3 fibration is large (see the appendix for more details), 
i.e. S — > oo. In this limit the prepotential is 

F = i(X°) 2 S(T a r] ab T b + 1), (3.20) 

where S = -iX 1 /X°, T a = -iX a /X°. The corresponding period vector is then (X° = 1) 
(X 1 , Fj) = (1, iS, iT a ; -iST a Vab T b + iS, T a Vab T b , 2S Vab T b ). 

As discussed before, we want to choose the H-fluxes aligned with the directions of the 
vanishing cycles X°, X a and Fi. This leads to the following non-vanishing fluxes e , e , 
m s , and the superpotential takes the following form: 

W = e - m s T a r lab T b + te a T a , (3.21) 

where e~o = e — m s . The M = 2 supersymmetric zero energy ground state, W = and 
e~ DW = 0, is obtained for the following (attractor) values of the (real) moduli: 

e a T a = 0, g - m s T a Vab T b = 0, S = oo . (3.22) 

On the other hand, for finite S supersymmetry is completely broken. 

To be concrete, let us investigate in more detail the corresponding scalar potential for 
the STU model, assuming, for simplicity, that the three moduli are real: 

_ el + (mSfTW + 4T 2 + e^ 2 
V ~ 2STU [6 6) 

In the directions of T and U this scalar potential has its minima at the Af = 2 super- 
symmetry preserving points 



T - - e JLu ii - + / e ° eT Ci9A\ 

- 1 min ^min) <-^min — -"-A/ c j V '^^/ 

V rn°eu 

where we need — % e ° > for real moduli fields, as we assumed here. In the direction of 
the S'-field the scalar potential has no minimum, but has a run-away behavior, v ~ 1/S, 
which drives the 5-field to infinity. 

The classical field theory limit is naturally contained in this discussion. This is the limit, 
where we turn off all field theory quantum effects, and the perturbative W^-bosons 
become massless. In string theory, this limit corresponds to a double scaling limit, 
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namely to S —>■ oo together with T —> U . Specifically, within the STU model this limit 
is achieved by choosing e = m s = and = —&u in the superpotential eq.( |3.21| ), i.e. 
W = iex(T — U). The corresponding minima are at the line T = U, where the classical 
gauge group is enhanced to SU{2). 

In summary, using the classical heterotic prepotential and turning on aligned fluxes one 
finds supersymmetric minima with vanishing potential for finite T a and infinite S. In 
fact, for S — > oo, the whole M = 2 supersymmetry is restored. 



3.4.2 The large volume limit 

In this limit all Kahler moduli t A are large, Im(t A ) — > oo, which means that all rational 
instantons are suppressed. The prepotential is determined by the intersections numbers 
Cabc an d has the form 

1 v A v B yC 

F" A = ~\c ABC ^y^, (3.25) 

where the IIA Kahler moduli are defined as t A = X A /X° (Imt > 0). The Kahler potential 
is in this limit 

K = -l g(lc ABC (t A - i A )(t B - i B )(t c - (3.26) 

Let us first discuss the case of aligned fluxes, i.e. eo is the only non-vanishing flux, 
which leads to the superpotential W = eoX°. This case is essentially contained in the 
discussion of the previous section (see eq.( |3.23|) ). The scalar potential can be computed 
in a straightforward manner (see also Jl|): 

« = ^ K ~Mry (3 ' 27) 

This potential has no extrema for finite values of t , but it shows the characteristic run- 
away behavior, which drives all moduli to infinity, where supersymmetry is unbroken. 

As an alternative let us consider a choice of Ramond fluxes which are not aligned with 
the vanishing cycle C^°\ Specifically, we decide to turn on the flux eo and all fluxes m A , 
which correspond to the 4-cycles . The superpotential is now 

W = X°(e + \n A C ABC t B t c ). (3.28) 

The conditions for preserving supersymmetry in the sector of the fields t A , h A = 0, are 
then solved, using the attractor equations (|2.52| ), by the following values of the moduli 
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(We haven chosen eo < and m A > 0.) Consistency with the large volume limit requires 
— e > m A . 

For the gravitino mass rriy 2 = e G at the points ( |3.29| ) we find 



m 3/2lsus y = 2y / -e CA ^ C m A m B m c . (3.30) 

Note that this expression is identical to the entropy - of classical Calabi-Yau black hole 
solutions which are due m A D4-branes, wrapped around the CY 4-cycles, plus eo DO 
branes. Since C abc^ A, ^ B ^ C 7^ 0, rrt.3/2 is non-zero. 

Analyzing the scalar potential it turns out that the points ( p.29|) are indeed extrema of 
v; at these extrema the potential has the value: 



v\ Susy = 2y -e Ca ^ C m A m B m c . (3.31) 

Although the auxiliary fields h A are zero at the extrema of v , supersymmetry is never- 
theless broken in the sector of the hypermultiplets r and Y. This comes from the fact 
that W ^ at the points ( ggp , and hence h T , h Y ^ 0. 

To be more specific about the nature of the extrema of v, let us compute v for the STU 
model with Cstu = 1 and all other Cabc = for real moduli S,T,U : 



e 2 + {m l fT 2 U 2 + {m 2 ) 2 S 2 U 2 + (m 3 ) 2 S 2 T 2 



(3.32) 



2STU 

We see that this potential indeed possesses a minimum at the points eq. (|3.29|) . Therefore 
the model with non-aligned fluxes exhibits a stable non-supersymmetric ground state 
with positive scalar potential at its minimum. On the other hand, since the moduli t A 
at the minimum of the potential are large (for— eo 3> m A ) but not infinite, one should 
also discuss the contribution of the exponentially suppressed instanton terms to the 
prepotential, where we expect that the minima of the potential are shifted by corrections 
of the order e~* A . 



3.5 The conifold locus 



In this section we want to explore the vacuum structure of a type IIB compactification 
near the conifold locus in the moduli space. The generic conifold locus is the co-dimension 
one locus in Ai, where in M a cycle, say Ai, with the topology of S 3 vanishes, while 
the remaining 3-cycles stay finite. More precisely the Calabi-Yau space M exhibits a 
nodal singularity, i.e. it is described locally by the eq. J2t=i e f — A 4 - F° r A 4 — ► the real 
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part of this local equation describes the vanishing S 3 . In the vicinity of a conifold point, 
X 1 = J A Q, — > 0, an additional hypermultiplet, the ground state of a singly wrapped 
3— brane around A\, with mass proportional to \X l \ becomes light |[29|| . It is charged 
w.r.t. to the U(l) v gauge symmetry of the vector multiplets^]- Related M = 2 black 
hole solutions at the conifold locus were considered before in |E9l KOl. 



In the following we will discuss the simplest situation with periods X 1 = J A . Q, i = 0, 1 
and the dual periods Fi = J Bi Q (with Aj H B j = 5f), where X 1 vanishes at the conifold 
locus and the other periods remain finite. So at the conifold we have 

A* := |o = ■ ( 3 ' 33 ) 

In addition, if the 3-fold is transported along a closed loop around the conifold locus the 
period F\ undergoes a monodromy transformation, given by the Lefshetz formula 

F 1 -> Fx + X 1 , (3.34) 

while all other periods have trivial monodromy. Therefore the periods near the conifold 
have the expansionP] F-y = ELo c !V + ^T lo gO) + ^(a* 3 ), X 1 = cfi + C(/i 2 ), F = 
Ei=o c oV* + and X° = Ei=o + and near A* = the prepotential can 

be expanded as 

F = —i (X ) 2 [ a + —/j 2 log jj, + bfi + (analytic terms) ) . (3.35) 

V 4tt ' ; 

It is easy to see that the Kahler potential is finite at the conifold point: 

e -x v=4Ima _ ( 3 36 ) 

In contrast, the internal moduli space metric logarithmically diverges at the conifold 
point: 

Knu = — log I A* I ■ (3.37) 

w &IPI 2Ima V ; 

In the type IIA mirror compactification on the mirror quintic W the conifold point for 
M corresponds to the limit where the entire quantum volume of W shrinks to zero size, 



whereas the other cycles stay finite [23]. x = —200, J c 2 J = 50 and n u = 1 p3| fixes 



the integral basis ( |3.2| ). Using the relation fj, = 1 — 5 5 z, where z is the variable at the 

12 E.g. it corresponds to a magnetic monopolc or dyon in the effective gauge theory, whereas its 
effective supergravity description is given as a massless black hole. 

13 For the field theory interpretation it is essential that cj ' ^ 0, otherwise a magnetically as well as an 
electrically charged particle become massless at fi = 0. The 0{^ n ) parts are fixed by the Picard-Fuchs 
equation. 



24 



large complex structure point z = p4|, c turns out to be ^? and one can fix the Cj , 
j = 1,2 so that after analytic continuation^ X 00 ' = -Fx, X 00 ' 1 = -F , F?° = X° and 
F£° = X 1 . One checks that X 1 ,Fj satisfy the integrability conditions for the existence 
of the prepotential and determines the constants in F: a = 0.517061 + i. 04500226 and 
6 = 0. Even for this choice of coordinates in one parameter models the constant a is not 
universal, as we find for the sextic in P(l, 1, 1, 1, 2) a = .147507^, but 6 = for all one 
moduli cases. 

For hypersurfaces in toric varieties with an arbitrary number of moduli we find that the 
S 3 vanishing at the principal discriminant corresponds via mirror symmetry always 
to the quantum volume Fq°. 

Consider the case where the flux that is aligned with the vanishing cycle of the conifold 
point is turned on. In type IIB the corresponding superpotential is 

W = ei/i. (3.38) 

Since W = but dW/dfi = e\ ^ at the conifold point, one might expect that the coni- 
fold point does not correspond to a supersymmetric ground state with vanishing scalar 
potential. However this conclusion is not correct in the context of supergravity, since 
the Kahler metric diverges at the conifold point. In fact, the corresponding supergravity 
scalar potential in the vicinity of the conifold point, 

v = \W^e K K~l = --ij, (3.39) 

has a supersymmetry preserving minimum at fi = with v = 0. Hence \x is attracted to 
the conifold point |J. 

This ground state of supergravity is not changed if also the additional light hypermultiplet 
is included into the superpotential at the conifold point 

W = ei/i + fuW . (3.40) 

Now the supersymmetric, stationary points of v are at W = and dW = 0, which leads 
again to \i = and in addition to 00 = — e\, as discussed in 0. 



3.6 Colliding conifold loci 

Next we study the situation where two conifold loci meet. (This corresponds to an A 2 

singularity, cf. below. The generalization to A n singularities is straightforward.) To be 

14 To six significant digits, they are c ( ° } = 1.07073, c[ 1] = -.0247076, cf ] = .0566403, 4° } = 6.79502- 
7.11466i, 4 1} = 1.01660 - .829217i, = .711623 - .580451i, c^ 0) = 1.29357i, c° {1) = -.150767i and 
c%, = .777445z. 
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concrete we consider the mirror of the X 18 (l, 1, 1, 6, 9) Calabi-Yau hypersurface, a two 
parameter model where two conifold loci meet ||43|| . Many aspects of the generalization 
to the meeting of several conifold loci are straightforward. Xi§(l, 1, 1, 6, 9) is an elliptic 
fibration over P 2 and the mirror manifold may be defined by 

P = x \ 8 + x] 8 + x 18 + x\ + x\ - ?><&x\x\x% - 6^x1X2X3X4X5 = , (3.41) 

with the orbifold action Z\% x Z\%: [x\ 1— > x±exp^,x 2 1— > x 2 exp(17^-)) (xi 1— > 
X\ exp 2^2, X3 1— > X3 exp(17 2 ^ L )) on the coordinates. The canonical large complex structure 
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z x = ~, h = (0,0,0,2,3,1,-6), 

Z2 = ~, h = (1,1,1,0,0,-3,0). (3.42) 

Here the U are the generators of the Mori cone, which identify the complex coordinates 
of the mirror near z: = as lo ^ Zl / ~ t E lo s( Z2 ) ^ £ pl w ith the Kahler parameter ts 
of Xig(l, 1, 1,6,9) measuring the size of the elliptic fiber and tpi measuring the size a 
P 1 in the base P 2 . We find the discriminant by solving = P = for $, ^ and Xj. 
The principal discriminant is the solution where all x« 7^ 0. We find X5 = 3(\E'x 1 X2X3) 3 , 
x 4 = 6^(\l/xiX2X3) 2 , x\ 8 = X2 8 = X3 8 7^ and 

A coni = 1 - (^ 6 + $) 3 = . (3.43) 
A second solution is x 4 = x 5 = 0, x\ 8 = x^ 8 = X3 8 7^ and 

A con2 = 1 - $ 3 = . (3.44) 
Near ^ = and $ = 1, where A coril = A co „ 2 = 0, the local expansion of the manifold is 

4 + 4 + 4 + 4 = ae 4 + b , (3.45) 

the three-dimensional version of an A 2 singularity. In particular we have two Sf and S 2 
with Sf fl Sf = 1, but as three is odd we have Sf fl Sf = 0. 

In the z coordinates we have, up to irrelevant factors, A coni = 1 — 3z\ + 3z 2 — (1 + z 2 )zf 
and A con2 — 1 + z%, so the conifolds collide at the two points (zf — | ± f \/3> z 2 = — 1). 
At these points we can solve the Picard-Fuchs equation in the variables X\ = (1 — and 
X2 = j^j? . We get, as expected, two unique vanishing solutions X cc ^ = x\ + C(x 2 ) = 
f S 3 VI and A cc ' 2 = xix 2 + C((xix 2 ) 2 ) = f s s ft with dual periods = ^X^ 1 log(A cc ' 1 ) + 
ai + holom. = J T s Q and F 2 C = ^-X cc ' 2 log(X cc ' 2 ) + a 2 + holom. = J T s Q. Further we 
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can see, in this case by analytic continuation, that Tf fl T 2 3 = and furthermore that the 
remaining two periods X cc, °, Fq c start with a constant term. This implies that to leading 
order the Weil-Petersson-metric near the conifold is 

Gxuxj = - , (3.46) 

V c 2 log(|x 2 |)/ 

with ci, c 2 > 0. The relation between Xf c and the periods at infinity can be obtained via 
analytic continuation. One finds X 00 ' 1 oc F °° and X cc ' 2 cx Ff - 3F|? - X 00 ' . It follows 
that we can turn on fluxes which lead to a superpotential W = n\X cc ' x + n 2 X cc ' 2 and a 
scalar potential which is in leading order 

n 2 n 2 

v = ~ a i] — 7Tl\- a 2] — 7Tl\i ( 3 - 47 ) 
log(|xi|) log(|x 2 |) 

where a\, a 2 > 0. Note that we have chosen the flux vector such that it fixes the minimum 
of the potential in the moduli space at complex codimension two. 



3.7 The Seiberg-Witten limit 

In the type II geometry, the Seiberg-Witten SU(2) theory emerges at the blow up in 
the moduli space, which resolves the tangency of the weak coupling divisor y oc e~ s = 
and the generic conifold locus. The simplest situation where this geometry arises is for 
the 2 moduli K 3 fibration examples studied in [25], El, [TBI] . A schematic picture of the 



moduli space for this type of models can be found in Fig. 4 of ||25|] . As shown in Fig 



1 below we will use a slightly different resolution of the tangency of A con and y = 



than refs. |25j, IE] . The advantage is that this resolution splits the monopole and the 
dyon point, which is important when writing down the superpotential. Furthermore 
the SW-monodromy group is embedded in the simplest possible way in the Calabi-Yau 
monodromy group. In j| model independent general expressions for the scalar potential 
have been obtained at the Seiberg-Witten point. Here we will derive the scalar potential 
for a specific model. 

In particular, for the well studied degree 12 hypersurface in P(l, 1, 2, 2, 6) we have Cttt = 
4, Cstt = 2, zero otherwise, and J w C2Jt = 52, J w C2Js = 24 and x — —252. Here we 
denote the Kahler class measuring the complex volume of the P 1 basis of the K% fibration 
by 5* and the square root of the complex volume of the K 3 by T. The integral basis is fixed 
by ( |3.2p . The connection to the canonical large complex structure variables is given by the 
leading order relations Zt oc e~ T , z s cx e~ s . We use the same rescaled complex structure 
variables as in fl24j, x = 1728;2 t and y = Az s . The order two tangency between the conifold 



divisor A con = {A^ n A c r = ((1 - x) + x^/yj ((1 - x) - x^/y) = (1 - x) 2 - yx 2 = 0} 
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and the weak coupling singularity W = {y = 0} is now resolved by blowing up which 
introduces an exceptional divisor E ~ P 1 , see the right-hand side of Fig. 1. Near W fl E 
the dimensionless variables w% = r^L — | an d W2 = (1 — x) = a'u + 0(a' 2 ) are good 



coordinates. Here m = -p is dimensionless of order one and the identification with the 



Seiberg-Witten variables to first order in a' is dictated by the double scaling limit |16 
e — > in 



y = e - s =: (a') 2 A 4 e- § =: e 4 



[l-x) = a'u + 0(a' 2 ) = e 2 u + C»(e 4 



(3.48) 



e. Since ue 5//2 ~ (1 — x) and 



The last equation implies in particular va'A = 
(1 — x), is proportional at weak coupling to the mass square of W in string units, the 
exponential relation in the double scaling limit is a reflection of the renormalization group 



equation 



big 2 (M S tr 



log( due to the exact one-loop /3-function of Af = 2 with 



coefficient b\ = 4 for pure SU(2) Yang-Mills theory. 



w 



;,= 0- 



x = ' 



w 2 = x,=0 



MO 



T + 



-e- w 

T" A" 



Fig. 1 Blow up of the Seiberg-Witten point. 

The Picard-Fuchs equation in [24] can be easily solved in the {w\ 1 W2) coordinates near 
W fl E. This corresponds to the classical field theory limit in sect. 3.4.1 (considered 
there for the STU model. 

5 (. 1 



^1 

' — 'm=oo 



■^2 

' — 'u=oo 



?3 

■ J u=oo 



:5 

' J u=oo 



= l + 0((a'u) 2 ) 
a'u + 0{{a'u) 2 ) 
a/a(u)(l + 0(a'u)) 
-= s(l + 0((a'u) 2 ) 
a'us{l + 0{a'u)) 
a'a D (u)(l + O{o!u)) 



l -^{ l + 2^) W2 + °^ 2) 

W2 ~ (l + ^l) ™2 + OK') 

^(1 - ^? - ^ + ...) + o(,f) 



■si 

1 — 'M=00 
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log(wiW 2 ) - ^7^2 + C(w 3 ) 



-2 ion 

J u=oo 1 „/„,, „,, \ ±oy „,,2 1 /-/V„.,3> 



log(^iW 2 ) - — w 2 + 0(w 

7TZ 81 



Til 



7T 



(3.49) 
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with k = ^(31og(2) — 1). Classical gauge group enhancement to SU(2) occurs at a = 
where the period H^ =00 vanishes. 

Near the conifold branch A c ° n HE, x + = ±=| - 1 = u- 1 and x 2 = (1 -x) = a'u + 0{a' 2 ) 
are good coordinates. Near the branch /\ c ° n fl E we may chose x_ = + 1 = u + 1 
and x 2 — (1 — x) — a'u + 0(a' 2 ). The leading terms of the above basis in the (x + , x 2 ) 
coordinates near A+ n fl E readQ 

5 



' — 'mon 



;2 

-'mon 



:3 

-'mon 



^4 

' — 'mon 



^5 

' — 'mon 



= 1 + 0{{a'uf) 
a'u + 0((a'M) 2 ) 
a!a{u){l + 0{a'u)) 
-= s(l + 0((a'u) 2 ) 
a!us{\ + 0{du)) 
a'a D (u)(l + O(a'u)) 
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log(*+) + ^(1 - + 0(x 2 )) + SE 6 m 



Z7T 



log(x 2 ) r log(l 

7T2 7T2 



+ 0(a; 



^2 

1 — 'mon 



X 2 



\0g(x 2 ) ; log(l 



0(x 2 2 ) 



1 9 2 75 3 



3 



(3.50) 



with 5 = 1 + 



3t(l-21og(2)) 



. Note that s = 2-niS oc ^ and -5 = log(?/). 



In this simple model we can give, at least numerically, a complete account of how the 
periods in the Seiberg-Witten field theory limit are related to the ones in the large 
complex structure basis, in which our flux choices are made, by calculating the trans- 
formation matrix^] H n=00 = H mon = NE^, where the basis at infinity is as in ( |3.2| ), 
ex (1, *, s, d s E, d t F, 2F - sd s F - td t F) 



N 



(° 


iA + B 





A_B 
2 








\ 





%B 





B 
2 










1 








1 
2 













v 2 + iA_B 


A_B 


A-B . ■ 
— h IVi 


iA+B 
2 


A-B 
2 







v 3 + iB 


B 


§ + if 4 


iB 
2 


B 
2 




Vo 














1 


/ 



(3.51) 



with At = 3^(57T 4 ± 12r 8 (|)), B = fx w -4.0767326, f 2 « -16.409393, 

t> 3 w —69.6002844 and f 4 « —8.61884321. From the third and last line in N one sees 

15 Note that w^w^ 2 = (x+ + l) 1 / 2 ?^ 2 = Vc/A, has to be factored out from the solutions on the 
right to obtain the Seiberg-Witten expansions. 

16 Explicit results for this Calabi-Yau manifold had already been obtained by W. Lerche and P. Mayr 
(unpublished notes). 
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that the periods, which contain the Seiberg-Witten periods in the normalizationF] (a ~ 
l;h sw \/2iL, an ~ —a log(tt)), have intersection 1 so we can make them dual in a symplectic 
basis, but because of the entry — | not in an integral symplectic basis. 

The monodromy in the above basis around x + = can be identified directly with 
the Seiberg-Witten monopole monodromy M(o,i) while the combination of monodromies 
around W2 = and wi = give the the Seiberg-Witten monodromy around infinity 
Moo = .U7 2 ; 
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1/ 



(3.52) 



It is a check on N that these are integral in the basis ( |3.2j ) and can be identified with 
T and M^, = A~ 1 TAT in the notation of Similarly, the monodromy around 



M, 



(0,1) 



gives M(_u) 

Let us first discuss the superpotential which arises in the classical field theory limit, 



W 



nva'a 



(3.53) 



which vanishes at the point of classical gauge group enhancement. Using the third row 
of the matrix N, we see that 

^rUoo = ^00 — 2~dS (3.54) 
and hence the superpotential becomes 



W = n(l 



i dF n 
2~dS> = 1} 



T 



(3.55) 



This superpotential matches exactly with the superpotential in (|3.10|) after setting eo = 
—2m 1 = n and = 0. 

Let us now go to the point where the monopole becomes massless. We first discuss 
the field theory expectations and assume as in [§ that there is flux such that the field 
theory superpotential behaves in leading order at the Seiberg-Witten point as W ~ mu 
pTfl . This corresponds to a mass term for the adjoint scalar, which breaks M = 2 to 
N = 1. Roughly speaking, such a potential should be generated by a flux that has m 



r Note that A is rescaled by a numerical factor of order one, A = -^|A S 
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"units" on S^ on , i.e. W = mX 2 mon . The superpotential has dimension three and since 
the parameters x + ,x 2 are dimensionless it reads in natural units as 



W 



m 



3 - 1 *■ mon 



m 



x 2 + 0{x 2 



(3.56) 



/ A £ man / f \ : 

Under the double scaling limit it behaves hence as W ~ mM str A 2 u. 

In the A/" = 1 field theory one expects h vacua with a mass gap, where h is the dual 
Coxeter number of the gauge group. At each vacuum there is a superpotential 



W k = w k e- s/h 



(3.57) 



where w h = 1, k = 0, . . . , h — 1 and S — 4?. Indeed we find that S^ on ~ x 2 and from the 
period S^ on we learn that x 2 ~ e~i , so that the string embedding delivers precisely the 
right behavior of the superpotential. 

The main issue will be the degeneration of the factor e K G XiXj and whether the the scalar 
potential drives the theory towards the Seiberg-Witten point. With the inverse of N 
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1/ 



(3.58) 



where C 



V3n 



and C± 



f^(5vr 4 ±12r(f) 8 ), Ul 



5.5157560, u 2 



-.05616975, 



2r(f) 4 — ~= 72r(f)4 
■u 3 ~ .1051578 and u± ~ .263801, we find that the Kahler factor e K diverges at E D A 5 



as 



7T 



Re(x 2 )a - 4C 2 7rRe(a; + ) 



+ 0(a; 2 ) , (3.59) 



F2 



2 7r(2u 3 + Ui)-4Clog(|a; 2 |) (7r(2 M3 + Mi)-4C , log(| a ; 2 |)) 2 
with a = 7r(2-u 3 C_ — C(2w 4 + w 2 ) + C+ui). To leading order the inverse metric is 

,7r(2^ 3 + C)-4Clog(lx 2 |) f |^| 



61og(2)-log(|x + |) 
The scalar potential, to leading order in (x + ,x 2 ), is 

'ir 2 ( Ul + 2w 3 ) 2 + 16C 2 log(|:r 2 |) 2 - 8irC(2u 3 + 1) log(|x 2 |) 
4(Im(:r 2 )) 2 [2C(2C + tt(ui + 2u 3 )) - 8C 2 log(|x 2 |) 
|x 2 |(61og(2) -log(|a; + |))(7r(u 1 + 2«3) -4Clog(|x 2 



(3.60) 



v= m 2 ^[\x 2 \ 2 



x 



(3.61) 
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We have plotted v in Fig. 2. 




Fig. 2 Potential near the Seiberg-Witten point x + = x 2 = for the flux along S^ on . 

The potential exhibits to this order two flat directions at x + = and at x<i = along 
which v — 0. Similar to the conifold case we find that there is a supersymmetric vacuum 
despite the fact that 7^ at £2 = due to the degeneration of the metric and the 
e K factor. Due to the l/log(|x + |) term the first derivative in the x + direction becomes 
infinite at x + = 0. So the potential drives the theory strongly to x + = 0. At x + = the 
flatness in the x^ is lifted at order ja^l 2 - We find at this order in \x^ a termP] 



1 1 2 1 ~ 1 2 

j[ X2 7T It 

lim v = -m 2 log(|x 2 |) = -m 2 A 4 -— (log(|M|) + const.) . (3.62) 

x + =o,x 2 ->o 2{a) z C z 2C Z 

It is worth noting that in the double scaling limit this first nonzero contribution of the 
expansion of the potential has the expected scale A 4 of the field theory potential. 

Now let us discuss in more detail the transition from the period S^ on to the periods H M 
at infinity, which is necessary since the integral fluxes are defined only with respect to 
Hoc,. The fact, which allowed for the precise identification of the above flux, is that there 
is a unique period S^ on that behaves like X2 + 0{x\) = a'u + 0((a'u) 2 ) in the double 
scaling limit. The analytic continuation (^.58|) of this period to infinity (|3.2[) reads 



E 2 mon = BT+'-B^. (3.63) 

The flux which leads to W ~ mu term hence corresponds to a electric charge €2 and a 
magnetic charge m 1 . The irrational number B can be absorbed in the definition of m, 
namely the integer fluxes are m 1 = ^mB and e2 = —imB. Note that the relative factor 
18 There are further terms subleading in log(|x2|), log(|x+|). E.g. the e K WW term contributes at this 



order with 2 



2 (tt(2u 3 +ui)-4C log(|x2|)) l^ 2 ^ 
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between the flux vector entries is i/2. This means that the superpotential W = mu 
cannot be generated by a Ramond flux alone. Specifically, whereas m 1 is a real Ramond 
flux, the electric flux e2, which corresponds to the field T, is purely imaginary and hence 
is generated by a NS flux, where we have chosen the complex field r to be imaginary, 
t = %. 

This choice of fluxes can be compared to previous discussions in the literature on this 
issue. First, the identification of the flux direction as |^ ~ u in J5J ignores the mixing by 
the analytic continuation. Second, the above identification has no zero-brane charge as in 
0] . This is explained by the fact that the basis used here differs by a integral symplectic 
transformation relative to the one used in J3J, i.e. our charge definitions are different. 

If we just turn on the flux m° the leading behaviour of the scalar potential is 



2(a') 2 (k)g(|x + |)+61og(2)) " ^ " > 

This drives the theory to the conifold line, where the potential vanishes . 

We have also computed the leading rr 2 correction; its expression is very complicated. It 
is interesting that in higher order the x^ direction is lifted so that the theory is driven 
towards the Seiberg-Witten point. We have plotted the potential to 0(x 2 ) in fig. 3. 



Fig. 3 Potential to order 0(x 2 ) near the Seiberg-Witten point x + = x 2 = with flux on F . 

As already explained, besides going to the w-plane, the Seiberg-Witten limit also requires 
going to the conifold limit, Fq — > 0, where a non-perturbative monopole hypermultiplet 
becomes massless. Therefore we can also turn on the corresponding flux m°. (We could 
also turn on fluxes along X^ on , X^ on , which also vanish.) Performing these two limits 
and including the mass term for the light monopole hypermultiplet 4>m and 4>m, the 
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superpotential becomes 

W = -m°F +m(i-^ + 2Tj + F o m 0m • (3.65) 

Minimization of the corresponding potential will relate the vev of the monopole hyper- 
multiplet (pM to the vector moduli fields u and S. 

Let us briefly comment on the possibility of partial supersymmetry breaking from Af = 2 
to Af = 1 at the Seiberg-Witten point. As explained in || partial supersymmetry 
breaking is possible in the rigid field theory limit after freezing out the 5-field. From 
the local supergravity perspective partial supersymmetry breaking seems possible since 
the flux vector e 2 is imaginary, as soon as we freeze out the hypermultiplet r. Then the 
difference in the mass eigenvalue of the two gravitini is proportional to 2mBT. But if 
we treat r as a dynamical field, the minimization of the potential with respect to r will 
make partial supersymmetry breaking impossible, as explained before. 



3.8 The strong coupling limit and the role of the /3-function. 

The heterotic dilaton s corresponds in the dual K3 fibered Calabi-Yau spaces to the 
complexified volume of the P 1 base. Its dependence on its mirror dual complex structure 
modulus is governed by an universal differential equation (9 = y-^, y = Az s ) (see e.g. 
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2 -|^ + i)] ~=0, (3.66) 

with three regular singular points at y = (0, 1, oo). Eq. ( |3.66|) implies, that if the other 
moduli of the Calabi-Yau Zi are set to 0, the complexified volume s is given by 



s = — arctan(wy — 1) . (3.67) 

7T v 

In particular at y — 1 the period ratio s vanishes with w s = 1 — y as s = ^y/w^Y^^Lo 
In the heterotic string this corresponds to the strong coupling limit. We therefore refer 
to the w s = 1 — y = locus in the moduli space as strong coupling divisor. Inside 
the Calabi-Yau one finds a divisor F which is a rational fibration with the P 1 as fiber 
and a genus g curve C g as base. If the fiber P 1 vanishes, F collapses to C g and branes 
wrapped on P 1 yield in type IIA compactifications charged massless vector multiplets, 
which complete the U(l) vector multiplet s to a SU(2) vector multiplet. The square root 
branch cut ^Jw~ s will generate the Weyl reflection as monodromy. Holomorphic one-forms 
of C g lead to additional matter multiplets, likewise in the adjoint representation 



We will investigate superpotentials at the strong coupling singularity. An example is 
the X 12 (l, 1, 2, 2, 6) model discussed in the last section. The curve C g is the vanishing 
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locus of the first two variables and is hence represented by X 6 (l, 1, 3). By the adjunction 
formula g = (2 - x)/2 = 1 - {1+ it{i+&J) &J \j 2 = 2 - With two hypermultiplets in the 
adjoint representation the coupling grows with the scale. 

At the point (x = 1728z t ,y) = (0,1) we have in the (z t) w s = 1 — y) coordinates the 
solutions 

^ = 1 + ^ + 0(2) 

32 = ^(sllog(^ + ^ t + ^log(l-^) + 0(2))=:^(S s 1 log(z t ) + S 1 ) 
/ arctan(A/— w s ) 5 



V 



+ 2i6^- + °( 2 ) j = °K) + 0(zt) 



^4 



tu. , 5 



^3 

^log^)-^,- 



u> s + 0(2)) = a D + C(^) 



~* = JL (31 log(^) 2 + 2Ex log(^) - + 1^ + 0(2)) =: ^ (sj log(*) 2 + 2S X log(^) + S 2 ) 



^6 



3(2™) 



-(-* log(z t ) d + 3E X log(z t ) 2 + 3S 2 log(^) - Qw s + 0(2)). 



(3.68) 



This basis is related to the basis at z t — z s — by the matrix = N str H 8 with (cf. 
footnote 16) 
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and fei r 


i 1.09550, 6 2 


« 1.00245, 6 3 




20799 and b 4 



(3.69) 



We consider a flux on the vanishing period 'E? = s, which generates a superpotential 



W = ns 

and find the potential in leading order in (z t ,w s ) 



n 2 n 



v = 



+ 0(1). 



(3.70) 



(3.71) 



(a') 2 (27T& 3 -21og(MN)-2) 

This potential exhibits a similar logarithmic behaviour as the one at the conifold or the 
pure SU(2) point. Its value is zero at w s = and at x — 0. This value represents a local 
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minimum and the theory is strongly (by an infinite slope) attracted to {w s = = x = 0}. 
The log(|u> s | |z t |) dependence is due to the non-vanishing of the /3-function of the gauge 
coupling constant. We thus expect a qualitative new behaviour of the scalar potential at 
conformal points where the /3-function vanishes. 



3.9 The conformal points 

We can study the situation with vanishing /3-function in the X^l, 1, 2, 8, 12) K3 fibra- 
tion. Here C g is obtained, as before, by setting to zero the first two variables, which yields 
X 12 (l,4, 6). Note that this curve has the Z 2 singular point X 6 (2,3). The Euler number 
is obtained by combining the adjunction formula with the Riemann-Hurwitz formula: 

x(C g ) = ^ 1+J ^ 4 1 g( 4 1 '^[2j) 6 ' 7 ' >12 ' 7 I J 2 ~~ 1/2 + 1-1 = 0. Hence there is g — 1 hypermultiplet and 
the spectrum is conformal. 

Recall that the above CY space M with Euler number x — —480 exhibits several fibration 
structures. On the one hand it is an elliptic fibration over the Hirzebruch surface F 2 , 
which is itself a rational fibration with fiber and base Pg. At the same time the 
CY space is a K3 fibration over the same base, hence the identification of the heterotic 
dilaton with S. We have as Kahler classes S, the size of the base P5, U = U — T 
the size of the fiber P^ and T = T the size of a curve in the elliptic fiber. Hence 
we have the nonvanishing intersections^ Cttt = 8, Cstt = 2, Cutt = 4, Cstu — 1; 
Ctuu = 2, / c 2 Jt = 92, J c 2 Js = 24 and / c 2 Jjj = 36. This fixes the integral basis. The 
mirror manifold W has the following discriminant (we have rescaled x = 432 zt, y = 4z s , 
V = 4^„) 

A S A A A B = (1 - „)[(1 - zf - yz 2 ][((l - xf - zf - yz 2 } (3.72) 
which consists of three factors. A^A^ are conifold loci. At z — 1, y = 0, A# 7^ 



there is a weakly coupled SU(2) without matter [I6|]. We will be interested in the 
SU(2) with an adjoint hypermultiplet, i.e. with a conformal spectrum, which arises at 
y = 1, Aa ^ ^ A b , e.g. at y = 1, x = z = 0. To understand the role of the 
hypermultiplets it is interesting to contrast this model with the more generic realization 
of the ^24(1, 1, 2, 8, 12) CY, which is given by an elliptic fibration over Fo- As discussed 
in |3B] both models are in the same moduli space. However in the X 24 (l, 1, 2, 8, 12) 



model the scalars in one hypermultiplet^] are set to a special value, which allows for 

19 Quantities with the tilde refer here to the heterotic spacetime moduli of T 2 in the compactification 
on K3 x T 2 , i.e. U is the complex structure modulus of T 2 and T its Kahler modulus. 

20 This is the hypermultiplet related to the three-cycle which consists of the base P 1 and a one-cycle 
on the elliptic fiber. 
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the fibration structure of the divisor F. The linear reparameterisation at large coupling 
T — > T, S — > S, U — > C/ — 5 relates the classical couplings. For the mirror of the F 
fibration the discriminant only factorizes into two factors: 



A = A'.A', 



A ^ B - [{l-y) 2 + (l-z) 2 -l+yz}i(l-x) A -2x 2 (l-x) 2 (y + z)+x 2 (y 2 + z 2 



(3.73) 



where x, y, z are the coordinates on moduli space. Here we have a weakly coupled SU (2) 
without matter at z = 1, y = 0, A' B ^ (e.g. for x = 0) and at y = 1, z = 0, A' B ^ (e.g. 
for x = 0) P5fl . We can hence understand the deformation in the hypermultiplet moduli 
space away from the X 2 4(l, 1, 2, 8, 12) Calabi-Yau as giving mass to the hypermultiplet 
in the adjoint at y — 1, x — z — 0. 



SU(2)+Ad 




z=0 z=l 



z=0 z=l 



r 2 

4 Slice of the quantum moduli space of the elliptic fibrations over F 2 , F at x = (local limit). 
Let us now discuss the solution at y = 1, x = z = 0. As in equation (|3.68|) we have a 



unique solution El = 1 + 0(1). Furthermore the periods E 2 , Ej, E^, E® and Ef have the 
same logarithmic behaviour in log(zt) and log(z n ) as ( |3.2| ). We can fix them uniquely by 
setting as many of the leading terms in the pure power series as possible to zeroQ Let 
us give the remaining solutions 



i arrtan(^2 + + Q = q + ^ 

7T WW, 



2tt 2 



(312zt + 0(2)) = a c + O) 



(3.74) 



The crucial difference to ( [3.6S ) is that the coordinate w s does not appear in the logarithm 
of the do period. We can compute analytically the whole transformation matrix except 
21 We set the highest powers of z t , w s ,z u in this order to zero. 
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one numerical constant 



N, 



str 



( 1 
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-2iA 
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1 

_i 
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-2iA 
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0\ 
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(3.75) 



-iA 1 / 



where A 



log(2) 



■,- , B± = f ± 



(27Ti) 2 ' 

matrix that the flux generating 



a 



.4804525 and C = + 2iA. We see from this 



W = nE s = nS 

is an integral Ramond-Flux w.r.t. the basis at large volume. 

The scalar potential is extremely complicated. The behaviour near z t = z n 
determined by 



V ~ 



(3.76) 



is 



(3.77) 



<?9 + qw , 

where p l d and qd are generic homogeneous polynomials in (log(|z t |), log(|z u |)) of the indi- 
cated degree d. In particular the leading logarithmic term 

41og(|z tt |) + 91og(|zi|) 



V ~ — 27T- 



(3.78) 



log(|^|) 2 + 6 log(|^|) log(|z 3 |) + 9 log(|^|) 2 

is independent of w s . The potential has a minimum at z t = as well as at z u = with 
vanishing energy. For fixed values of z t , z u the potential can be analyzed to 10-th order 
in tJW s and we found a series v ~ Si=o ^(^j ^ujd^sl) 2 whose coefficients at go to zero if 
z t or z u goes to zero. 

Similarly to the situation above ( |3.74 ), where two periods vanish with a square root, 
it was found in |JT| at the point w — 0, where tensionless strings arise, that two dual 
periods occur which start with to 5 and we. Therefore we expect for fluxes aligned with 
a vanishing direction a similar behavior of the scalar potential in the direction of w, i.e. 
a power series in wt with n E Z. 



4 Type II Vacua with Non-vanishing Ramond and NS Fluxes 

In sect. 3.7 on the discussion of the Seiberg-Witten limit NS-fluxes have already emerged. 
We now want to study in little more detail the possible effects of non-vanishing NS-fluxes 



38 



for the vacuum structure of type IIB strings. Since the superpotential is covariant under 
the type IIB SL(2, Z) duality symmetry (see eq.( |2.33| )), the scalar potential is invariant 
under this symmetry. Hence we expect to find non-trivial minima, where the field r is 
stabilized. The following discussion will be performed in the STU model, where we can 
solve the minimization conditions explicitly. As we will see now, some of our previous 
conclusions concerning the vector multiplets are modified by the presence of NS fluxes. 
In particular it seems possible that the contribution of the R fluxes is precisely balanced 
by the NS fluxes, such that supersymmetric minima of the scalar potential are possible 
at non-degenerate points in the CY moduli space, i.e. at finite value for the S'-field. It is 
worth pointing out that in the example we are going to discuss the NS and Ramond flux 
vectors are non-local w.r.t. each other. Nevertheless we will find that the ground state 
of the model is fully M = 2 supersymmetric. 

For simplicity we consider the perturbative heterotic prepotential with only three moduli 
S, T and U and S — > oo: F = i(X ) 2 STU . After the symplectic transformation 

S^F S , F s ->-S (4.1) 

the period vector has the form 

(X 1 , Fj) = (1, -TU, iT, iU, -iSTU, iS, SU, ST) . (4.2) 

One recognizes that the periods X 1 are algebraically dependent. Now we choose the flux 
vectors such that all electric NS fluxes and also all magnetic Ramond fluxes are zero, i.e. 
e] = m 21 = 0. In addition, in order to be able to balance the R fluxes against the NS 
fluxes we choose them to be parallel, i.e. we impose the following condition: 

e]/p = (h, -n 2 ,ni, -k), rn u /q = (-n 2 ,l 2 , -h,ni) . (4.3) 

In fact, these two flux vectors are mutually non-local, m x e = m 11 e 2 — m 2I e] = 
—2pq(liTii + lin-i) 7^ 0. With this choice the superpotential becomes 

W = (p + iqSr)(l 2 - ihU + in{T - n 2 UT), (4.4) 

It is straightforward to see that the scalar potential has a M = 2 supersymmetry preserv- 
ing minimum with zero cosmo logical constant; specifically the supersymmetry conditions, 

W s = W T = Wu = W T = 0, and W = 0, (4.5) 

have the following solution: 



T I Ml. TT r 2711 Q - 'I (A f\\ 

-'min \ j ^min \ , 7 ^min ''"min ^ • \^^) 

V n\n 2 V 'i n 2 q 

So we see that supersymmetry preserving solutions are possible for finite heterotic dilaton 
field S, as well as for finite type IIB dilaton r. Insisting on large S and on large r implies 
that one has to ensure that p q. 
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5 Summary 



In this paper we have provided a detailed investigation of the vacuum structure of type 
IIA/B compactifications on Calabi-Yau spaces in the presence of H-fTuxes. These H-fluxes 
lift the vacuum degeneracy in the Calabi-Yau moduli space. For aligned fluxes, local min- 
ima of the scalar potential with space-time supersymmetry and vanishing cosmological 
constant are found at several degeneration points of the Calabi-Yau space. However par- 
tial supersymmetry at these minima seems to be impossible in local supergravity due 
to the dilaton dependence of the effective superpotential, such that the degeneration 
points always exhibit full M = 2 supersymmetry. Away from the degeneration points 
supersymmetry is generically broken, and we expect in general local minima of the scalar 
potential with broken supersymmetry. We also examined the vacuum structure of some 
Calabi-Yau spaces (quintic, sextic) at certain rational, but non-singular points of enlarged 
symmetry (Gepner points), and found that there are no supersymmetric solutions at this 
points. However at the moment we cannot completely exclude supersymmetric vacua at 
non-singular, rational points for other Calabi-Yau spaces. 

This discussion can be extended in several ways. For example it would be interesting to 
map the type IIA/B H-fluxes to dual heterotic or type I string compactifications. There 
the H-fluxes will correspond to background electric or magnetic fields in the internal 
directions (for non-supersymmetric string compactifications with background F- 

fields see p3|| ). Similarly it would be nice to see |32| how the type IIA/B H-fluxes at the 
Calabi-Yau singularities can be mapped to dual brane configurations using the duality 



34] between the Calabi-Yau geometrical engineering and the Hanany-Witten approach. 
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22 This was already conjectured for the flux related to X° in Q. 
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Appendix: The perturbative heterotic limit with general flux vector 



In this appendix we like to solve in some detail the conditions of unbroken supersymmetry 
within the perturbative heterotic limit for general flux vector (ej, m 1 ). The corresponding 
prepotential is given in eq.( |3.20|) . After the symplectic transformation (|4.1|) the period 
vector has the form 



(X 1 ; Fj) = (1, -T a Vab T b , iT a - -iST a Vab T b , iS, 2S Vab T b ). 



(5-1) 



One recognizes that the periods X 1 are algebraically dependent. The symplectic trans- 
formation ( fOD exchanges the IIA 2-cycle C[ 2 ^ ~ t>o/(P b 1 ) by its dual 4-cycle Cf \ namely 
the whole A^3-fibre. This amounts in exchanging by in the S'-field direction 
and vice versa, and we denote the corresponding fluxes as 



ex = m 1 , m 1 = t\. 



(5.2) 



Seen from the heterotic point of view, the symplectic basis eq. (|5.1| ) is the most natural 
one since X 1 are the perturbative periods associated to the electric U(l), whereas the Fj 
are the non-perturbative magnetic U(l) periods. 

For simplicity consider the case of only three moduli fields S, T and U. The classical 
period vector is then 

(X 1 , F 7 ) = (1, -TU, iT, iU, -iSTU, iS, SU, ST) . (5.3) 

The holomorphic superpotential is then given as 

W = e + e{FU + ie 2 T + ie 3 U + im°STU + im x S - m 2 SU - m 3 ST, (5.4) 

and the Kahler potential take the well known form 



K = — Ioe 



(S + S){T + T){U + U)\ . 



(5.5) 



In order to keep the notation as simple as possible we will omit from now on in this 
chapter the tilde on e\ and m . 

The perturbative duality transformations SL(2, Z)t <8> SL(2, Z)u) x ^2^ U ac ^ as sym- 
plectic transformations on the period vector as 



(5.6) 





-> r 






fu o ] 


(x'\ 


\ F ' I 








V UT "' j 


\ F, j 
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The generalized Kahler function e = e \W\ is invariant under symplectic transforma- 
tions (|5.6|) provided the quantum numbers are redefined by (m / , — ej) — > {m 1 , — e/)r T . 
Note that under the modular transformations SL{2, Z)t <S> SL(2,Z)u the superpoten- 
tial transforms as a modular function of modular weight -1, as required for the modular 
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aT — ib 



W 



w 



(5.7) 



icT + d icT + d 

Now let us look for points of which preserve Af = 1 supersymmetry, i.e. we look for 
solutions of the equation 



D n W = 



e K ' 2 (K a W + W a ) = , a = S,T,U . 



(5.* 



This problem was already solved [2(| using the attractor equations (|2.52|) , and the full 
solution of (15.81) is 



5. 



Susy 



e • m 

l- r + 



(e, e) (e • m)' 



(m,m) \ (m,m) (m, m)' 



e' ■ m' 



Susy 



+ 



<e',e'> 



e • m' 



A2 



(m',m') \ (m',m') (m' ,m')' 



Ui 



e" ■ m" 



Susy 



+ 



(e", e") 



where 



(m",m") \ (m",m") {m",m")' 

(e,e) = 2e ei + 2e 2 e 3 , 
(m, m) = 2m°m 1 + 2m 2 m 3 , 
e ■ m = e m° + eim 1 + e 2 m 2 + e 3 m 3 . 



(5.9) 



(5.10) 



The exchange symmetries S <-> T and 5 <-> C/ map the vectors e, m to vectors e', m' and 
e", m". 

The function e G at the supersymmetric point ( |5.9|) takes then the following value 



m 3/2lsus y = e G | S usy = \J (e,e)(m,m) - (e • m) 2 = (m,m) ReS^s 



usy • 



(5.11) 



From (|5.11 ) one can easily read off that supersymmetric minima of the scalar potential v 
with v = at the minimum, i.e. W^lsusy = e G |s U s y = 0, are possible for certain choices of 
fluxes. The first possibility for solving these two conditions is given by choosing parallel 
electric and magnetic fluxes: 



ei/p = {l2,-n2,ni,-h), m T /q = (-n 2 , h, ~h, ni) . 



(5.12) 
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This implies that 



(e, e) = -2p 2 n T l 
(to, to) = —2q 2 n T l 



e ■ m 



-2pqn T l . 



With this choice the superpotential is 

W = (p + iqS)(l 2 - il x U + %n{T - n 2 UT), 



(5.13) 



(5.14) 



and therefore e G |g usy = 0. However for this class of solutions KeS is zero, so one is driven 
to strong coupling which is not consistent with assumption of having a large 5-field. 

The second class of supersymmetric solutions is given by only four non-vanishing flux 
quantum numbers, namely the cases of purely electric (m 1 = 0) and purely magnetic 
(e_f = 0) charges. In both cases the moduli Ts usy and ?7su Sy are generically finite. For 
consistency we have to require in addition that S m i n — oo. This constraint is satisfied for 
the purely electric solutions with m 1 = 0. This is precisely the case with aligned fluxes 
and superpotential eq.( [3.21| ). On the other hand the case with e/ = would imply strong 
coupling with Ss U sy = 0. 

Next let us consider the effects of one-loop corrections h(T a ) to the heterotic prepotential. 

Due to the required embedding of the perturbative T-duality group into the Af = 2 
symplectic transformations, it follows that the heterotic one-loop prepotential 

h(T a ) must obey well-defined transformation rules under this group. This becomes clear 
if one considers the action of the one-loop T-duality transformations on the period vector 



(5.15) 



where the matrix V encodes the quantum corrections. Therefore the one-loop transfor- 
mation rule of symplectic quantum numbers implied by the general formula (m, — e) — > 
(to, — e)T T is 

e U T ~ 1 e — Vm, m-^Um . (5.16) 

It follows that the superpotential W is still transforms with modular weight -1 under 
5L(2,Z) T and SL(2,Z) V . 

In the presence of the heterotic one loop correction h(T a ) the period vector eq. (|5.1| ) will 





. "P 

L I— loop 






<u ] 


{ x '\ 
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be modified as follows: 

~ ~ oh oh 

(X 7 ;^)!^ = (l,T a Vab T\tT a ] iS,iST a r )ab T b + 2th(T a ) -iT a — -,-ST a + 



dT al dT a ' 

(5.17) 

One recognizes, that the periods X 1 do not receive any quantum corrections and are 
still algebraically dependent. Hence the superpotential with aligned fluxes is the same 
as in the classical case eq. ( |3.21| ), and we therefore expect the same vacuum structure as 
in the classical limit for aligned fluxes. The one-loop quantum corrections only result 
in a simple modification of the Kahler potential which can be absorbed by the invariant 
dilaton field Si nvar f38fl . This field Sinvar is the true coupling constant at one loop, and 
gifi-ioop/2 j s proportional to S^ 1 



mvar • 



Let us consider in a little bit more detail the complete superpotential 

H/ = e 7 X / + m / F / | 1 _ loop , (5.18) 

which includes the one-loop term h(T a ) in -F//|i_i 00 p- The supersymmetry equations 
D a W = 0, W = will still allow for non-trivial solutions which however cannot be 
expressed any more in closed form like in eq.( [5.9|) for non- vanishing m 1 . Nevertheseless 
one can derive an all order expression for 777.3/2 at the supersymmetric, stationary points, 
as it was proven in the context of M = 2 black hole solutions. This expression has simply 
the form 

ml /2 \ Susy = e G \ Snsy = TTReS invar (m,m) , (5.19) 
where for the case of Ny — 1 fields T a , (to, m) is defined as 

(m, m) = rr^m 1 + m a r] a i ) m b . (5.20) 

((m, m) is an invariant of the T-duality group 50(2, Ny — 1, Z).) Thus the influence of 
all perturbative one- loop effects to the superpotential is contained in ReS invar . Hence, 
demanding e G | m i n = at ReSi nvar = 00, one has to set again (m,m) = 0. 
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